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Abstract
The linear stability of a magnetized plasma accompanying temperature gradient was reexam-
ined by using plasma kinetic theory. The anisotropic velocity distribution function was decom-
posed into two components. One is proportional to the temperature gradient parallel to and the
other is proportional to the temperature gradient perpendicular to the back ground magnetic
field. Since the amplitude of the anisotropic velocity distribution function is proportional to the
heat conductivity and the heat conductivities perpendicular to the magnetic field is strongly
reduced, the first component of the anisotropic velocity distribution function is predominant.
The anisotropic velocity distribution function induced by the temperature gradient along the
back ground magnetic field drives plasma kinetic instability and the circular polarized magnetic
plasma waves are excited. The instability is almost identical to Weibel instability in weakly
magnetized plasma. However, depending on whether wave vectors of modes are parallel to or
antiparallel to the back ground magnetic field, the growth rate is suppressed or enhanced due
to back ground magnetic field. In the strongly magnetized plasma, one mode is stabilized and
only one of the modes remains unstable.
The Jitter radiation spectrum formulae emitted by relativistic electrons when they travel through
the magnetized plasma with the plasma waves driven by the instability, are deduced at the first
time. The synchrotron emission and the Jitter radiation are simultaneously emitted from the
same relativistic electron. The Jitter radiation is expected to be circularly polarized but with a
very small polarization degree since almost the same amount of left and right handed circular
polarized magnetic waves are excited by the instability.
Key words: Plasmas — instabilities —relativistic processes
1 Introduction
Astronomical roles of the Weibel types instabilities have exam-
ined since its discovery (Weibel 1959). The Weibel instability
has been proposed as a generation mechanism of the magnetic
fields in astronomical shock waves (Medvedev and Loeb 1999,
Huntington et al 2015), of the cosmological magnetic from
zero seed field (Schlickeiser and Shukla 2003), and of origin
of the interstellar turbulent field (Tautz and Triptow 2013). It
has been also known that the temperature gradient of the ther-
mal electrons drives the Weibel type plasma kinetic instability
(Weibel 1959, Ramani and Laval 1978, Okabe and Hattori
2003). By following Okabe and Hattori 2003, we refer this
instability as the RL instability since this instability was first
found by Ramani and Laval 1978. The RL instability has been
studied as a mechanism of the reduction of the heat conductivi-
ties in the intracluster medium (Pistinner, Levinson and Eichler
1996, Hattori and Umetsu 2000) and as a mechanism to main-
tain the sharp interface of the cold fronts found in the intraclus-
ter medium (Okabe and Hattori 2003). However, it has been yet
unclear whether the RL instability plays significant role in some
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astronomical situation. Therefore, the studies on the observa-
tional tests to judge whether the RL instability really plays a
central role in the generation of the magnetic field or not are de-
sired. Spectrum distortion of the comic microwave background
radiation caused by the inverse Compton scattering by thermal
electrons which belongs to the anisotropic electron velocity dis-
tribution function generated by the temperature gradient pro-
posed by Hattori and Okabe 2005 could be one of such tests.
The Jitter radiation emitted from the relativistic electrons
when they travel through the magnetic fields generated by the
Weibel instability has been studied as an alternative interpreta-
tion of the gamma ray burst after glow (Medvedev 2000). In
the case of the RL instability, the Jitter radiation is also ex-
pected to be observed. The typically wavelength of the excited
waves are order of the plasma penetration length, that is c/ωpe,
where c is the speed of light and ωpe is the plasma frequency de-
fined by ωpe =
√
4πe2ne/me where −e is a charge of an elec-
tron, me is an electron mass and ne is an electron number den-
sity. When the saturation level of the amplitude of the magnetic
fields in the excited waves are defined by the thermal electron
trapping by the magnetic field of the excited waves, the ampli-
tude of the magnetic field in the excited waves is described by
ωce1∼ (vth/c)ωpe where vth is the electron thermal velocity de-
fined by
√
2kBTe/me, kB is the Boltzmann constant, Te is the
electron thermal temperature and ωce1 = eB1/mec is the elec-
tron cyclotron frequency defined by the magnetic field strength
of the excited waves, that is denoted by B1. Orbits of relativis-
tic electrons are perturbed by the magnetic field of the excited
waves. The deflection angle, θd, when the relativistic electron
with the Lorentz factor of γ travels through the excited waves,
is about the ratio between the wave length of the excited plasma
waves and the Larmor radius for the relativistic electron, that
is θd ∼ (1/γ)(ωce1/ωpe) ∼ (1/γ)(vth/c). It shows that, as far
as non relativistic thermal plasma is considered, the deflection
angle is much less than the angle spanned by the relativistic
beaming cone, that is 1/γ. Once the line of sight is included in
the relativistic beaming cone, the line of sight is continuously
included in it during the relativistic electron travel through the
excited waves. The emission caused by this situation is the
Jitter radiation (Medvedev 2000). The observed frequency of
the Jitter radiation in this situation is defined by the Doppler
shifted plasma frequency, that is γ2ωpe.
The extension of the above studies to the magnetized plasma
is required when we apply the results to astrophysical situation
since almost all the astrophysical plasma are magnetized. The
plasma kinetic instability driven by electron temperature gra-
dient in a magnetized plasma was examined by Levinson and
Eichler 1992. They found that the unstable modes driven by
the temperature gradient exist even in the magnetized plasma.
They also showed that there are significant differences of the
behaviors of the instability between weakly magnetized plasma
and strongly magnetized plasma. Okabe and Hattori 2003 has
shown that the physical essence of the RL instability in unmag-
netized plasma is the same as the Weibel instability. Studies
on the Weibel instability in a magnetized plasma were done by
Lazar, Schlickeiser and Poedts 2009. The comparison of the
results of the RL instability in a magnetized plasma with the
results obtained by Lazar, Schlickeiser and Poedts 2009 may
help to deepen our understandings of the physics of the RL in-
stability in a magnetized plasma. Because the physical simi-
larities between the RL and the Weibel instabilities were not
clearly recognized before Okabe and Hattori 2003, the compar-
ison was not done by Levinson and Eichler 1992. In this pa-
per, we summarize the characteristics of the RL instability in a
magnetized plasma by comparing the Weibel instability. More
over, Levinson and Eichler 1992 did not show the nature of the
eigen modes. However, to analyze radiative processes when
relativistic electrons travel through the excited waves, the na-
ture of the eigen modes are important. Therefore, we show the
eigen modes of the unstable modes. Medvedev 2000 studied the
Jitter radiation when the relativistic electrons travel through the
Weibel turbulence. However, the radiative processes in the sit-
uation when the ordered magnetic field and the wave magnetic
field generated by the RL instability in a magnetized plasma
coexist, have not yet been done. Therefore, we study the radia-
tive processes in the situation when the ordered magnetic field
and the wave magnetic field generated by the RL instability in a
magnetized plasma coexist, and deduce the spectrum formulae
of the Jitter radiation in this situation.
The Jitter radiation has been studied for years (e.g. Landau
and Lifshitz 1975, Toptygin and Fleishman 1987, Reville and
Kirk 2010, Teraki and Takahara 2011, Kelner, Aharonian
and Khangulyan 2013). The emission of electromagnetetic
waves due to the interaction of relativistic electrons with regu-
lar and turbulent magnetic fields were first studied by Toptygin
and Fleishman 1987. The emission arised by the regular field
is characterized by the synchrotron emission and the emission
raised by the small scale turbulent field is characterized by the
Jitter radiation. They showed that the frequency of the Jitter
radiation is characterized by γ2(c/ℓmin) and much higher than
the characteristic frequency of the synchrotron emission emit-
ted by the same relativistic electron when the minimum length
of the coherent scale of the turbulence, ℓmin, is much shorter
than the non relativistic Larmor radius RL = c/ωce0 where
ωce0 is the electron cyclotron frequency defined by the regular
magnetic field. Kelner, Aharonian and Khangulyan 2013 pre-
sented the general formulae of the radiation within the frame
work of perturbation theory and restressed the distinct spectral
features of the Jitter radiation in which the emitted radiation
shifted toward higher energy compared to synchrotron emis-
sion. Toptygin and Fleishman 1987 showed that both syn-
chrotron and Jitter radiations appeared in the frequency range
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less than γ2ωce0. However, their turbulent magnetic field mod-
els did not have certain physical grounds. In this paper, we have
linked the RL instability in a magnetized plasma to small scale
turbulent magnetic fields and performed self consistent studies
of the radiation emitted by relativistic electrons at the first time.
Numerical studies of the Jitter radiation based on the particle-
in-cell technique (Reville and Kirk 2010, Teraki and Takahara
2011) has been progressed. Although this method has a great
potential to deal with complex situations, their studied cases
were limited in the situations where ℓmin>RL up to now which
are outside of a range with our current interests.
The structure of the paper is as follows. In section 2, we
revisit plasma kinetic instability driven by electron temperature
gradient in a magnetized plasma. In section 3, we present the-
ory of the Jitter radiation in a magnetized plasma when the rel-
ativistic electrons travel through the magnetic fields associated
with the plasma waves excited by the instability. Section 4 is
dedicated to the discussions.
2 Plasma kinetic instability driven by
electron temperature gradient in a
magnetized plasma
In this section, plasma kinetic instability driven by electron tem-
perature gradient in a magnetized plasma are summarized. The
wavelengths of the modes which we are interested in, are much
smaller than the mean free path of thermal electron. Therefore,
the plasma kinetic theory is used to analyze the linear stabil-
ity (Ichimaru 1973). The driving force of the instability is
anisotropy of thermal electron velocity distribution function
induced by temperature gradient (Ramani and Laval 1978).
The amplitude of the deviation of the electron velocity distri-
bution function from the Maxwell Boltzmann distribution is
characterized by relative variation of the electron temperature,
δT = δTe/Te, and ratio between electron mean free path and a
scale of electron temperature variation, ǫ = λe/δx, where we
assume that the electron temperature varies δTe across the scale
δx along the temperature gradient.
The anisotropic electron velocity distribution function which
is the driving force of the plasma kinetic instability, is obtained
by expanding electron velocity distribution function perturba-
tively in ǫδT following the procedures of the Chapman-Enskog
expansion (Chapman and Cowling 1960). In an unmagnetized
plasma, the anisotropic part of the electron distribution function
up to the first order in ǫδT is described by
f (1) = ǫδT
v‖∇Te
vth
(
5
2
− v
2
v2th
)
fm, (1)
where fm is the Maxwell-Boltzmann electron velocity distribu-
tion function, v‖∇Te is the velocity component along the tem-
perature gradient (Ramani and Laval 1978, Okabe and Hattori
2003). The anisotropic velocity distribution is directly related
to the heat current density as
−κSp~∇Te =
∫
d3~v
mev
2
2
~vf (1), (2)
where κSp is the Spitzer heat conductivity (Hattori and Okabe
2005) and we neglect a factor of order one deviation. The
Spitzer heat conductivity is given by κSp∼λenekBvth (Spitzer
1956, Sarazin 1988). Therefore, the anisotropic electron veloc-
ity distribution function is rewritten by using κSp as
f (1) ∼ κSp 1
kBne
~v · ~∇Te
v2thTe
(
5
2
− v
2
v2th
)
fm. (3)
Since the heat conductivities in the directions of perpendicular
to the magnetic field, κ⊥, are dramatically reduced (Spitzer
1956) from the Spitzer value, we propose that the anisotropic
electron velocity distribution function in a magnetized plasma
is decomposed into following two parts as
f (1) ∼ κSp 1
kBne
v‖∇‖Te
v2thTe
(
5
2
− v
2
v2th
)
fm
+κ⊥
1
kBne
v⊥∇⊥Te
v2thTe
(
5
2
− v
2
v2th
)
fm, (4)
where v‖ and v⊥ are electron velocity components parallel to
and perpendicular to magnetic field, and the temperature gradi-
ents parallel and perpendicular to the magnetic field are denoted
by ∇‖Te and ∇⊥Te, respectively. Since κ⊥ ≪ κSp, we adopt
the following approximated form as for the anisotropic electron
velocity distribution function in a magnetized plasma as
f (1) = δf1
v‖
vth
cosθB
(
5
2
− v
2
v2th
)
fm, (5)
where δf1 ∼ ǫδT and θB is an inclination angle of the tempera-
ture gradient relative to the back ground magnetic field. In the
following discussion, we drop a factor of cos θB appeared in
Eq.(5) since cos θB stays order of one except θB has a value
very close to π/2.
The linear stability of the RL instability in the magnetized
plasma was first studied by Levinson and Eichler 1992. In the
rest of this section, we summarize the characteristics of the RL
instability in a magnetized plasma by comparing with the char-
acteristics of the Weibel instability in a magnetized plasma ob-
tained by Lazar, Schlickeiser and Poedts 2009 aiming to help
physical understandings of the RL instability in a magnetized
plasma. As shown by Ramani and Laval 1978, the modes
which have wave vectors nearly perpendicular to the temper-
ature gradient are stable even in the absence of the back ground
magnetic field. Further, the amplitude of the anisotropy of the
electron velocity distribution function due to the temperature
gradient which is nearly perpendicular to the back ground mag-
netic field is negligibly small as discussed in above. Therefore,
we may safely conclude that the modes with wave vectors which
are parallel or antiparallel to the back ground magnetic field are
the most relevant to the RL instability in a magnetized plasma
(Levinson and Eichler 1992). In the following discussion, we
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take k⊥→ 0 limit where k⊥ is the component of the wave vec-
tors perpendicular to the magnetic field. In this limit, only two
fundamental modes with n = +1,−1 are predominant against
the higher order harmonics (Ichimaru 1973). The dispersion
relation is described by the function of ξ± ≡ (ω ± ωce)/kvth
where the double sign same order and each sign corresponds
to n = ∓1, respectively. Characteristics of the unstable modes
show the different behaviors for small and large |ξ| limits.
First the results for |ξ| ≪ 1 and δf1 ≪ 1 are summarized.
Imaginary parts of the angular frequency are given by
ω
(n)
i ∼
1√
π
(
3
8
δf21 kvth− c
2
ω2pe
k3vth∓ δf1
2
nωce
)
, (6)
where k= |~k|, the last term takes upper sign, that is (−), when ~k
is parallel to the back ground magnetic field, ~B0, and lower sign,
that is (+), when ~k is antiparallel to the back ground magnetic
field. It takes the maximum value at k = km = 1
2
√
2
δf1ωpe/c.
Real parts of the angular frequency are given by
ω(n)r ∼±1
4
δf1kvth∓ 2√
π
δf1ωi,
∼±1
4
δf1kvth+
1
π
δf21nωce, (7)
where the first term of the last equation takes upper or lower sign
when ~k is parallel to or antiparallel to the back ground magnetic
field, respectively. In Eq.(7), term higher than third order in δf1
are neglected and k ∼ km is assumed. As far as the absolute
values of the wave vectors stay around k ∼ δf1ωpe/c,
|ξr| ∼ δf1+ β−1/2δf1,
|ξi| ∼ β−1/2+ δf21 ,
where the plasma β is defined by the ratio of thermal pres-
sure to the back ground magnetic field pressure as β =
2nekBTe/(B
2
0/8π) where the mean molecular weight is set
to be 0.5 which corresponds to the fully ionized pure hydro-
gen plasma. The plasma β is expressed by a combination
of the electron thermal velocity, vth, the electron cyclotron
frequency for the back ground magnetic field, ωce0, and the
plasma frequency as ωce0c/(ωpevth) = (2/β)1/2. Therefore,
small |ξ| limit requires that high β, that is β ≫ 1, and small
amplitude of the anisotropy, that is δf1 ≪ 1. The first term
of Eq.(7) exactly coincides with the real part of the RL in-
stability for unmagnetized plasma (Okabe and Hattori 2003).
The second term of Eq.(7) is almost equivalent to the equa-
tion (18) in Lazar, Schlickeiser and Poedts 2009. This result
is natural consequence since the RL instability for unmagne-
tized plasma is essentially equivalent to the Weibel instability
with relative directional temperature difference, parameter A in
Lazar, Schlickeiser and Poedts 2009, of δf21 (Okabe and Hattori
2003). The first and second terms of the imaginary parts exactly
coincide with the imaginary parts of the RL instability for un-
magnetized plasma (Okabe and Hattori 2003). The last term
in Eq.(6) is uniquely appeared in the case of the RL instability
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Fig. 1. The dispersion relations obtained by linear plasma kinetic stability
analysis for a magnetised plasma. The equipartition magnetic field strength,
that is β = 1, is assumed. The horizontal axis is ωce0/kvth where k is
absolute value of the wave vector of the mode. The dotted line is an absolute
value of real part of frequency of unstable modes normalized by kvth for
δf1 =0.3. The solid lines show imaginary parts of frequency of the unstable
modes normalized by ωce0 from left to right for δf1 = 0.3, 0.03, 0.01, 0.006
and 0.003, respectively.
in a magnetized plasma and first found by Levinson and Eichler
1992 although the physical origin of the appearance of this term
has not been clarified yet. When ~k is parallel to ~B0 and n=+1,
the RL instability is stabilized by the existence of the magnetic
fields and β > δf−41 is required for the modes to be unstable.
On the other hand, when ~k is antiparallel to ~B0 and n=+1, the
existence of the magnetic fields make the modes more unstable.
For the modes with n= −1, situations become vice versa. The
most unstable modes appear at k = km when ~k is antiparallel to
~B0 for n=+1 and ~k is parallel to ~B0 for n= −1. The growth
rates of these maximum growth rate modes are given by
ωi,m =
δf1√
π
(
δf21
8
√
2
vth
c
ωpe+
1
2
ωce
)
, (8)
and real parts of the angular frequency of these modes are given
by
ω(±)r,m = δf
2
1
(
± 1
8
√
2
vth
c
ωpe± 1
π
ωce
)
, (9)
where the double sign same order. Set the back ground mag-
netic field direction as positive direction of z axis, the x,y com-
ponents of the magnetic field of the eigen modes satisfy follow-
ing relations
Bkx =∓iBky, (10)
where the upper sign for n=+1 and the lower sign for n=−1.
When the back ground magnetic field is antiparallel to the tem-
perature gradient, results for n = +1 corresponds to the above
results obtained for n=−1 and results for n=−1 corresponds
to the above results obtained for n=+1.
Next the results for |ξ| > 1 are summarized. This situation
corresponds to β ∼ 1 or δf1 ∼ 1. We solved numerically the
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plasma dispersion function using the continued fraction expan-
sions (Kaji 1966, Mccabe 1984) to obtain the dispersion rela-
tion in this case since the asymptotic expansion of the plasma
dispersion function can not be used. The plasma β is set equal
to 1 in the following analysis. When the direction of the tem-
perature gradient is parallel to the back ground magnetic field,
unstable modes emerge when k‖ = ∓k for n = ±1 modes and
there are no unstable mode for n=±1 when k‖=±k where the
double sign same order. These results are able to be understood
because the modes with k‖ = ±k for n = ±1 appeared in high
β plasma are stabilized by the back ground magnetic field as β
approaching to 1 (see Eq.(6)) and only k‖ =∓k for n=±1 are
remained unstable. When the direction of the temperature gra-
dient is antiparallel to the direction of the back ground magnetic
field, unstable modes appear when k‖ = ±k for n= ±1 where
the double sign same order. Eigen modes of the unstable modes
are circular polarized magnetic waves. For n=+1 mode when
~B0 ‖ ~∇Te and n=−1 when ~B0 ‖ −~∇Te, the eigen modes sat-
isfy Bkx =−iBky. For n=+1 when ~B0 ‖ −~∇Te and n=−1
when ~B0 ‖ ~∇Te, the eigen modes satisfy Bkx = iBky . The ab-
solute values of the real part of ω for δf1=0.3 is shown in Fig.1
and is order of δf1kvth. Sign of the real part is positive when
n=+1 and is negative when n=−1. Therefore, the directions
of the phase velocity of the unstable modes are parallel to the
direction of the heat flow, regardless of the direction of the tem-
perature gradients and signs of n. This propagation direction
of the wave is opposite to the propagation direction of the wave
excited in a high β plasma. The growth rates of the unstable
modes have an identical shape for n=+1 and n=−1. The un-
stable modes exist only in the limited range of the wave vector
around ωce0/vth ∼ 9× 10−6(B0/3µG)/(Te/106K)1/2 cm−1.
The growth rates have sharp peak at the wave vector of
km =
1
a
ωce0
vth
=
1
a
(
2
β
)1/2
ωpe
c
(11)
where a runs from 2 to 5 as δf1 runs from 0.3 to 0.002. It is
natural to assume that only the modes with k = km are excited
by the instability. Amplitude of the maximum growth rate de-
creases rapidly as decreasing δf1. When δf1 becomes smaller
than 0.002, the growth time scale starts to exceed the age of the
universe for typical interstellar plasma . So we conclude that
the instability sets in only when δf1 >0.002. The decrease of
the growth rates as decreasing δf1 are much more dramatic than
the decreases expected from Eq.(8).
The nonlinear saturation levels of the excited waves could
be defined by one of the following three mechanisms depend-
ing on the situation. First argument is that the growth of the
unstable modes stop when the Larmor radius of thermal elec-
tron gets shorter than the wavelength of the growing mode as
discussed by Okabe and Hattori 2003. This is expressed as
vthω
−1
ce1km ∼ 1 where ωce1 is electron gyro frequency with the
excited wave magnetic field strength, B1. Hereafter, this is re-
ferred to thermal electron trapping condition. By taking into
account the possibility that the growth of the wave stops before
it gets vthω−1ce1km ∼ 1, the saturation level of the magnetic field
strength of the unstable modes is expressed as
ωce1 = bkmvth, (12)
where b is a non dimensional number satisfying b ≤ 1.
Second argument is that the saturation level is determined
by balancing between growth and nonlinear damping of the
waves (Ramani and Laval 1978, Levinson and Eichler 1992).
Levinson and Eichler 1992 estimated the nonlinear damping
rate due to wave-wave interaction for magnetized plasma as
γnl ∼ vth/(λeffβ(1 +ωce0/kmvth)2) ∼ vthδT /(ǫ˜δT δxβ(1+
ωce0/kmvth)
2) where λeff is an effective electron mean free
path reduced from the Coulomb collision mean free path due
to the scattering by the excited magnetic waves and ǫ˜ appeared
in γnl is defined by the ratio between the effective mean free
path to the scale of the temperature gradient, δx. The ǫ˜ may
decrease from the initial value of ǫ because the effective mean
free path becomes shorter as a fraction of trapped thermal elec-
trons which are trapped by the magnetic field of the excited
waves, is increased as the amplitude of the magnetic field of
the excited wave is growing. The decrease may stop at the
value at where the growth rate balances with the decay rate.
Since the quantitative arguments how the non linear saturation
level is defined by this condition depend on detail models of
the temperature gradient of the system, we skip further quan-
titative arguments based on this argument. Third argument is
whether initial energy content is enough to excite the magnetic
plasma waves. Kato 2005 showed by performing plasma par-
ticle simulations aiming to study the nonlinear evolution of the
Weibel instability that the initial difference of the kinetic energy
caused by the anisotropy of the temperature of the electrons,
that is ∆W ∼ kBT1− kBT2 where T1 and T2 are temperatures
in two different directions, is converted into the magnetic en-
ergy of the excited waves when the amplitude of the waves get
maximum value. As pointed out by Okabe and Hattori 2003,
the physical essence of the instability driven by the temperature
gradient is equivalent to the Weibel instability with a directional
temperature difference of ∆T ∼ (δf1)2Te. Therefore, the maxi-
mum available energy stored in the magnetic field of the excited
waves is about kB(δf1)2Te. This sets upper limit on the excited
magnetic field strength as
2nekBδf
2
1Te >
B21
8π
. (13)
For high β plasma, this condition sets upper limit on b appeared
in Eq.(12) as
b≤ β1/2aδf1. (14)
In the case of high β plasma, as long as b < 1 the condition (13)
is satisfied.
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3 Theory of the Jitter radiation in a
magnetized plasma
3.1 Fundamentals
The emission mechanisms when relativistic electrons travel
through the magnetized plasma which is filled with the circu-
lar polarized magnetic waves excited by the RL instability are
examined. When the coherent length of the magnetic fields is
much longer than the gyration radius of the relativistic elec-
trons, hereafter we refer this field ordered field, the emitted ra-
diation is known as synchrotron radiation. In this section, we
drive the radiation spectrum when relativistic electrons travel
through the plasma which is occupied by both ordered mag-
netic fields and magnetic waves generated by the RL instabil-
ity discussed in Section 2. There are similarities in procedures
with the derivation of the weak undulator radiation spectrum
(Hofmann 2004). Set the direction of the ordered magnetic field
to z-axis as ~B0 = (0,0,B0). Assume that the gradient of the
electron temperature is parallel to the ordered magnetic field di-
rection. Consider unstable mode with n = +1 in the following
analysis. As discussed in Sec.2, the unstable mode is limited for
the waves with kz < 0 where kz is a z component of the wave
vector of the waves in the case of the low β plasma. Since the
growth rate takes the maximum value at k=km, we assume that
the excited waves due to the instability is monochromatic with
the wave vector of ~k= (0,0,−km). Hereafter, we refer km= k.
The zeroth order motion of relativistic electrons are given by
following equations of motion
γme
dvx0
dt
=−e
c
vy0B0,
γme
dvy0
dt
=
e
c
vx0B0,
dvz0
dt
= 0,
where γ is a Lorentz factor of the relativistic electron. The ze-
roth order orbits for relativistic electron with a velocity of v0
(an equivalent Lorentz factor of γ) and a pitch angle of α are
given by solving these equations as
vx0 = v⊥0 cosωse0t,x0 =
v⊥0
ωse0
sinωse0t,
vy0 = v⊥0 sinωse0t,y0 =− v⊥0
ωse0
cosωse0t,
vz0 = v‖0,z0 = v‖0t,
where v⊥0 ≡ v0 sinα, v‖0 ≡ v0 cosα and ωse0 ≡ ωce0/γ. The
zeroth order orbit is helical motion around the ordered magnetic
field with a gyration period of T = 2π/ωse0.
Orbits of the relativistic electrons are perturbed due to the
magnetic waves excited by the instability. The similar studies
in the context of scattering of relativistic charged particles by
magnetic irregularities was studied by Parker 1964. The mag-
netic field of the unstable mode for n=+1 is expressed as
Bx1 =B1cos(kmz+ωrt),
By1 =B1sin(kmz+ωrt),
where ωr is a real part of the angular frequency of the unstable
mode. Velocities and orbits generated by the wave fields are
described by ~v1 and ~x1. In the first order of v1/v0 and B1/B0,
the equations of motion for ~v1 are given by
γme
dvx1
dt
=−e
c
vy1B0+
e
c
vz0By1,
γme
dvy1
dt
=
e
c
vx1B0− e
c
vz0Bx1,
γme
dvz1
dt
=−e
c
vx0By1+
e
c
vy0Bx1.
By inserting the zeroth order orbit as for the orbit of electron,
the wave fields are approximately described as
Bx1 =B1 cos(kv‖0+ωr)t,
By1 =B1 sin(kv‖0+ωr)t.
The perturbed velocities in the first order are obtained as
vx1+ ivy1 =
−ωse1v‖0
kv‖0+ωr −ωse0 e
i(kv‖0+ωr)t+Ceiωse0t, (15)
vz1 =
ωse1v⊥0
kv‖0+ωr −ωse0 cos(kv‖0+ωr −ωse0)t. (16)
Since the last term in Eq.(15) is describing the gyration motion
around the ordered field, it is able to be absorbed in the zeroth
order motion and we set C = 0. For high β plasma
ωr
kv‖0
∼ vth
c
ωr
kvth
≪ 1,
and for low β plasma
ωr
kv‖0
∼ aδf1 vth
c
≪ 1.
Further,
ωse0
kvth
∼ a
γ
vth
c
≪ 1,
is satisfied. Therefore, amplitudes in Eqs. (15) and (16) are
approximately ωse1/k. As discussed in below, the contribu-
tion of the perturbed motion of the relativistic electron to the
radiation spectrum happens within a only limited time inter-
val of T ′ ∼ 1/ωce0. Changes of the phases in Eqs. (15) and
(16) within this time interval are kv‖0T ′≫ 1, ωse0T ′ ∼ 1γ ≪ 1
and ωrT ′ ∼ δf1 < 1. Therefore, the phase factors in Eqs. (15)
and (16) are approximated as kv‖0t in the following discussion.
Under these approximations, the velocities and the orbits of the
perturbed motion are described by
v1x =−ωse1
k
coskv0‖t, (17)
v1y =−ωse1
k
sinkv0‖t, (18)
v1z =
ωse1
k
tanαcoskv0‖t, (19)
x1 =−ωse1
k
1
kv‖0
sinkv‖0t, (20)
y1 =
ωse1
k
1
kv‖0
coskv‖0t, (21)
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z1 =
ωse1
k
1
kv‖0
tanαsinkv‖0t. (22)
Relative amplitudes of the velocity and the position of the per-
turbed motion to the zeroth order orbit are∣∣∣v⊥1
v⊥0
∣∣∣∼
∣∣∣vz1
vz0
∣∣∣∼ ab
γ
vth
c
≪ 1, (23)
∣∣∣r⊥1
r⊥0
∣∣∣∼
∣∣∣z1
z0
∣∣∣∼ ab
γ2
(
vth
c
)2
≪ 1, (24)
for low β plasma where we implicitly assume that the pitch
angle does not take a value close to π/2 so as to avoid being
tanα≫ 1, and v⊥1 =
√
v2x1+ v
2
y1 and r⊥1 =
√
x21+ y
2
1 . For
high β plasma,∣∣∣v⊥1
v⊥0
∣∣∣∼ ∣∣∣vz1
vz0
∣∣∣∼ 1
γ
vth
c
β−1/2
1
δf1
, (25)
∣∣∣r⊥1
r⊥0
∣∣∣∼ ∣∣∣z1
z0
∣∣∣∼ 1
γ2
(
vth
c
)2
β−1δf−21 . (26)
Therefore, unless the amplitude of the anisotropic velocity dis-
tribution is close to or less than vth/(γc)β−1/2, Eqs.(25) and
(26) are much smaller than 1. These results guarantee the va-
lidity of our perturbative treatment for describing the motion of
the relativistic electron. When the pitch angle closes to π/2,
the amplitude of v1z becomes large and the perturbative treat-
ment is broken. By comparing (19) and the z component of the
zeroth order electron velocity, the range of the pitch angle for
which the perturbative treatment is acceptable, is obtained as
α <
π
2
−
√
1
γ
vth
c
. (27)
As far as the pitch angle is in this range, the amplitude of the
perturbed velocities are less than the amplitude of the zeroth
order velocities. Therefore, except a limited small range of the
pitch angle, our treatment is valid.
The Fourier spectrum of the electric field of the radiation
emitted from a single relativistic electron is obtained by insert-
ing the electron orbit in the following equation
R
~ˆ
E(ω) =
ieω
2πc
eiΦ
∫ T ′2
T ′
1
(~n× (~n× ~β0))eiω(t
′− 1
c
~n·~r(t′))dt′
+
ieω
2πc
eiΦ
∫ T ′2
T ′
1
(~n× (~n× ~β1))eiω(t
′− 1
c
~n·~r(t′))dt′, (28)
where ~β0 = ~v0/c and ~β1 = ~v1/c, and ~r = ~r0+~r1 is superposi-
tion of a zeroth order orbit and an orbit of the perturbed motion
of the electron. The first term contributes the synchrotron radia-
tion. The contribution to the radiation spectrum of the perturbed
orbit, ~r1, appeared in the exponent of the first term is negligible.
The second term provides the Jitter radiation. Similar analysis
was done by Ginzburg and Syrovatskii 1965. They studied the
polarization degree of the synchrotron emission when a random
field is superimposed on a homogeneous field.
The radiation spectrum contributed from the second term of
equation (28) is evaluated as follows. The direction cosine of
the line of sight is defined in x-z plane as ~n = (sinθ,0,cos θ).
α v
v
v
B z
θ
x
z’
−θpi−
2
α^
vT
TV cosθ
Fig. 2. Orbit of a relativistic electron under back ground magnetic field. The
electron travels helical orbit. The line of sight is taken in x-z plane for sim-
plicity and is described by dashed line with arrow. Inclination angle of the
line of sight relative to z axis is defined as θ. By rotating the coordinate with
angle θ as an axis in y-axis, x-z is transformed into x′-z′. The x′ axis co-
incide with the line of sight. The pitch angle of the electron is defined as α.
The deviation of the pitch angle from θ is denoted by αˆ.
-1
v
6vv2
1
1
v2
2
γ
2v
ω  sinαce
Fig. 3. Part of a relativistic electron orbit in x′-y plane for an electron with
α = θ. The emission cones due to the relativistic beaming effect are de-
scribed by cones with a solid angle of pi/γ2 assigned to electrons which are
denoted by black dots.
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Fig. 4. The zeroth order velocity distribution of the relativistic electrons with
a fixed γ which contribute to the Jitter radiation are described in velocity
space. The x′, y and z′ components of velocities are denoted by vx′ , vy
and vz′ , respectively. An arc labeled by A denotes the velocities spanned
by −1/γ ≤ αˆ ≤ 1/γ where αˆ is relative pitch angle of electrons to the line
of sight. The arc A is a part of a circle in vx′ -vz′ plane with a radius of v
centered on the origin. The area labeled by B is made by rotating the arc
A around vz′ axis. This surface is a part of the sphere with a radius of v
centered on the origin. The electrons with velocities which point to the area
B in velocity space at some fixed moment contribute to the Jitter radiation
once every period of T .
When the motion of the electron is relativistic, the radiation
from the electron is concentrated in the so called emission cone
which is the cone with solid angle of π/γ2 due to the relativis-
tic beaming effect. Therefore, the radiation from electrons are
observed only when the line of sight is included in the emission
cones. In Figure 2, the zeroth order orbit of an electron is de-
scribed. It shows that electron travels along a helical orbit. The
line of sight is described by a dashed line with arrow. In Figure
3, a part of the electron orbit in x′-y plane when α = θ is de-
scribed. When the electron arrives at the position labeled by 1,
the emission cone starts to include the line of sight. When the
electron reaches at the position labeled by 2, the line of sight
exits the emission cone. During this interval, the line of sight is
kept to be included in the emission cone. Hereafter we refer this
interval as emission orbit. A duration while an electron travels
the emission orbit is T ′ = 2/(ωce sinθ). Since the small devi-
ation of the pitch angle of the electron from the line of sight is
important to determine the characteristics of the Jitter radiation,
the pitch angle is expressed as α=θ+αˆ in the following discus-
sion as shown in Figure 2. In Figure 4, the zeroth order velocity
distribution of the electrons with a fixed γ which contribute to
the Jitter radiation is shown. In this Figure, vx′ axis is taken to
the direction of the line-of-sight and vz′ axis is taken to the di-
rection normal to the plane spanned by vx′ and vy axes as shown
in Figure 2. The relative pitch angle to the line of sight, αˆ, is
shown in this figure. In the following discussion, the amplitude
of the velocity, e.g. γ, is fixed for simplicity. An arc labeled by
A denotes the velocities spanned by −1/γ ≤ αˆ≤ 1/γ. The arc
A is a part of a circle in vx′ -vz′ plane with a radius of v cen-
tered on the origin. The area labeled by B is made by rotating
the arc A around vz′ axis. Therefore, this surface is a part of
the sphere with a radius of v centered on the origin. Since an
electron velocity is contained in vx′ -vz′ plane every T as illus-
trated in Figure 2, electrons with velocities which direct to the
area B at some fixed moment contribute to the Jitter radiation
once every T .
3.2 Essence of the Jitter radiation
Firstly, the physical characteristics of the Jitter radiation in the
low β plasma are sketched. By performing the coordinate trans-
formation from vx-vz to vx′ -vz′ , the first order perturbed veloc-
ities are transformed as
vx′ =
ωse1
k
αˆ
cosθ
coskv0‖t
′, (29)
vy =−ωse1
k
sinkv0‖t
′, (30)
vz′ =
ωse1
k
1
cosθ
coskv0‖t
′, (31)
where the results are expanded in the lowest order of αˆ and t′
is used to describe time at the position of the electron. The tra-
jectory of the electron total velocity vector in velocity space is
described in Figure 5. The total velocity is a sum of the zeroth
order velocity and the first order velocity. The velocity vectors
of the electrons precess around the line of sight. Direction of
the rotation is clock wise rotation from the observer. The ve-
locity vector traces elliptical trajectory with a minor radius of
ωse1/k and a major radius of ωse1/(k cos θ). In other word,
the directions of the motion of electrons precess around the
line of sight while changing inclination angle from ωse1/kc to
ωse1/(kccosθ) as shown in Figure 5. As far as the line of sight
is not close to perpendicular direction to the back ground mag-
netic field and αˆ < 1/γ, the line of sight is always included in
the emission cones of precessing electrons since
ωse1
kc
∼ b
γ
vth
c
≪ 1
γ
. (32)
The period of the precession is much shorter than the duration
while electrons travel the emission orbit since
2/ωce0 sinθ
2π/kccosθ
=
1
πa
c
vth
cotθ≫ 1. (33)
Therefore, the electron emits the radiation at the frequency of
the inverse of the observed period of the precession of the elec-
tron. This is the Jitter radiation. This situation is illustrated
in Figure 6. Suppose that an electron emits electromagnetic
wave when it arrives at the position labeled by 1 at the time t′1.
The distance between the position 1 and the observer is L. The
electromagnetic wave emitted at the position 1 arrives at the ob-
server at t1 = t′1 +L/c. During one period of the precession,
the electron moves from position 1 to position 2. The distance
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traveled by the electron during the period is 2π/(kcosθ) which
is an effective wave length of the excited plasma wave for the
observer whose line of sight is inclined by an angle θ relative
to the wave vector of the plasma wave. The electron reaches at
position 2 at t′2 = t′1 +2π/(k cosθ v0). The arrival time of the
electromagnetic wave emitted at position 2 to the observer is
t2 = t
′
2+(L−2π/(kcosθ))/c. During this period, the electron
emits right handed elliptically polarized electromagnetic waves
toward the observer where the polarization pattern traces the or-
bit of the electron illustrated in Figure 5. Since the line of sight
is always included in the emission cone during this time inter-
val, all the emission emitted in this time interval is observed by
the observer except the case that the direction of the magnetic
field is close to perpendicular to the line of sight. The observed
period of the electromagnetic wave, ∆t= t2− t1 is given by
∆t∼ 2π
kccosθ
(
1− v0
c
)
∼ π
γ2kccosθ
. (34)
Therefore, the observed frequency of the Jitter radiation is
νJit ∼ cosθ
aπ
√
2β−1/2γ2ωpe, (35)
where Eq.(11) was used. The emitted frequency by the Jitter
radiation is the Doppler shifted plasma frequency in β ∼ 1
plasma. On the other hand, the frequency of the synchrotron
emission(Rybicki and Lightmann 1979) is given by
νsyn ∼ 0.29 1
2π
3
2
γ2ωce0 sinθ. (36)
The ratio of these two frequencies for a fixed γ is written as
νJit
νsyn
∼ 4
a
cotθ
(
vth
c
)−1
=
4
a
cotθ
√
mec2
2kBT
. (37)
It shows that as far as electron thermal velocity is non relativis-
tic, an relativistic electron with a fixed γ emits much higher
frequency by the Jitter radiation compared with the synchrotron
emission. The condition (33) must be satisfied for the Jitter ra-
diation to be observed. As the line of sight approaching to the
perpendicular direction of the magnetic field, the period of the
precession approaches to the duration while electrons travel the
emission orbit. When the line of sight is in the range of
π
2
≥ θ ≥ π
2
− aπ vth
c
, (38)
the precession period becomes longer than the duration while
electrons travel the emission orbit. It shows that except the
small limited range of θ the Jitter radiation is observable in any
line of sight relative to the magnetic field direction.
3.3 Analytical formulation of the spectrum of the
Jitter radiation
In this subsection, analytical formulae of the spectrum of the
Jitter radiation are provided. First the spectrum emitted by a
single electron is evaluated. Basic equations are the second
term of right hand side of Eq.(28). Since the Jitter radiation
x
y
z
V
V
V ’
’ >
V
γc
bVth
γccosθ
bVth
Fig. 5. A trajectory of velocity vector of a relativistic electron in velocity space
while the electron travels emission orbit. The velocity vector precesses
around vx′ axis. It rotates clock wise direction from the observer along
elliptical trajectory with a minor radius of ωse1/k and a major radius of
ωse1/(kcosθ) denoted by thick solid line.
1/γ
γc
bVth2pi/kcosθ
L
1 2
Fig. 6. Properties of jittering motion of relativistic electron while it travels
emission orbit. The electron approaches to the observer while it carries out
the precession described in Fig.5. The line of sight is always included in
the emission cone while the electron travels the emission orbit. During one
period of the precession, the electron moves a distance of 2pi/(kcosθ).
is emitted only when the electrons travel the emission orbit, we
adopt following approximations. When the electron is travel-
ing the emission orbit, the zeroth order orbit is approximated as
straight line. Then, a part of the phase appeared in Eq.(28) is
evaluated as
ω
(
t′− 1
c
~n ·~r0
)
∼ ω
κ(αˆ)
t′, (39)
κ(αˆ)≡ 2γ
2
1+ γ2αˆ2
, (40)
when −T ′/2≤ t′≤T ′/2. When the electron is out of the emis-
sion orbit, that is when−T/2≤ t′<−T ′/2 or T ′/2<t′≤T/2,
we assume that there is no contribution from second term. In the
following calculation, we use x′-y-z′ coordinate instead of x-y-
z. In x′-y-z′, the line of sight is ~n= (1,0,0). Then the Fourier
spectrum of each component of the electric field of the emitted
radiation are deduced as
REˆx′(ω) = 0, (41)
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REˆy(ω) =
ieω
2πc
eiΦ
∫ T ′
2
−T ′
2
dt′
ωse1
kc
sinkv0‖t
′
×e
iω
(
t′
κ(αˆ)
− ωse1
k2cv0‖
αˆ
cosθ
sinkv0‖t
′
)
, (42)
REˆz′(ω) =− ieω
2πc
eiΦ
∫ T ′
2
−T ′
2
dt′
ωse1
kccosθ
coskv0‖t
′
×e
iω
(
t′
κ(αˆ)
− ωse1
k2cv0‖
αˆ
cosθ
sinkv0‖t
′
)
. (43)
By using following formula for the Bessel functions
e−iλ sinkv0‖t
′
=
∞∑
n=−∞
Jn(λ)e
−inkv0‖t′ , (44)
equations (42) and (43) are evaluated as
REˆy(ω) =
eωωse1
4πkc2
eiΦ
∑
n
(Jn+1(λ)−Jn−1(λ))T ′
×sinc
(
ω
κ(αˆ)
−nkv0‖
)
T ′
2
, (45)
REˆz′(ω) =− ieωωse1
4πkc2 cosθ
eiΦ
∑
n
(Jn+1(λ)+Jn−1(λ))T
′
×sinc
(
ω
κ(αˆ)
−nkv0‖
)
T ′
2
, (46)
where λ is dimensionless parameter defined as
λ≡ ωωse1
k2cv0‖ cosθ
αˆ. (47)
Since the sinc function appeared in these equations plays a role
such as a delta function, the angular frequency ω is replaced by
ωn = nkv0‖κ(αˆ). Then the order of magnitude of λ for each
ωn is estimated with a help of Eq.(12) as
λn =
ωn
kv0‖
ωse1
kc
αˆ
cosθ
∼ 2nb
cosθ
γ
vth
c
αˆ <
2nb
cosθ
vth
c
≪ n, (48)
where |αˆ|<1/γ is used since the main contribution comes from
the electrons with the pitch angle |αˆ| < 1/γ. Since J0(0) =
1 and Jn(λn) ≪ 1 for λn ≪ n when n 6= 0, only the terms
which contain J0 provide main contributions in Eqs.(45) and
(46). Since we are only interested in positive frequency, we
obtain
REˆy(ω) =−eωωse1
4πkc2
eiΦT ′sinc
(
ω
κ(αˆ)
− kv0‖
)
T ′
2
,
for θ ≤ π
2
=
eωωse1
4πkc2
eiΦT ′sinc
(
ω
κ(αˆ)
+ kv0‖
)
T ′
2
,
for
π
2
< θ ≤ π (49)
REˆz′(ω) =− ieωωse1
4πkc2 cosθ
eiΦT ′sinc
(
ω
κ(αˆ)
− kv0‖
)
T ′
2
,
for θ ≤ π
2
=− ieωωse1
4πkc2 cosθ
eiΦT ′sinc
(
ω
κ(αˆ)
+ kv0‖
)
T ′
2
.
for
π
2
< θ ≤ π (50)
It shows that the emitted Jitter radiation is right handed ellipti-
cally polarized light which has a major axis in z′ and minor axis
in y, and the ratio of the major to the minor radius is 1/cosθ.
The emitted power of the Jitter radiation per unit solid angle
in the direction of ~n is obtained as
dpeJit(ω1)
dΩ
= c
∫ ∞
0
dω
|REˆx′ |2+ |REˆy|2+ |REˆz′ |2
T
,
=
T ′
T
e2ω2se1ω
2
1
8πk2c3
(2+ tan2 θ)κ(αˆ), (51)
ω1 ≡ κ(αˆ)kv0‖ = ωJ
1+ γ2αˆ2
, (52)
ωJ ≡ 2γ2ω0, (53)
ω0 ≡ |kv0‖|. (54)
As the line of sight approaching to the direction of the magnetic
field, an interval of the arrival of pulses to the observer emitted
by a single electron while it is in the emission orbit, becomes
shorter. When θ<1/γ, the line of sight is continuously included
in the emission cone of the single electron. Therefore, T ′/T
must be set 1 in Eq.(51) when θ < 1/γ. Since the length of the
emission orbit becomes shorter as increasing |αˆ| by a factor of√
1− γ2αˆ2, the duration while a single electron is traveling the
emission orbit, T ′, is reduced to T ′ = (2/ωce sinθ)
√
1− γ2αˆ2.
The spectrum of the Jitter radiation is monochromatic and al-
most delta function centered on ω = ω1. Suppose that the rel-
ativistic electron has an isotropic velocity distribution and its
energy distribution is given by the following power law spec-
trum
Ne(γ) = Cpγ
−p, for γ1 ≤ γ ≤ γc (55)
where Ne(γ)dγ gives electron number density which have en-
ergy from γmec2 to (γ+dγ)mec2. The emitted power per unit
solid angle coming from unit volume in the frequency range of
ω1 ∼ ω1+ dω1 is calculated by
dP eJit(ω1)
dΩ
dω1 = fw
∫
Ne(γ)dγ
dαˆdφ
4π
dpeJit(ω1)
dΩ
, (56)
where fw is volume filling factor of the regions where the waves
excited by the instability occupy. The integration by solid angle
in Eq.(56) is performed to cover area B illustrated in Figure 4.
The integration by azimuthal angle φ is trivial since the inte-
grand is axisymmetric against v′z axis. Let’s define a new vari-
able y as y ≡ 2γ2ω0/ω1. Since the frequency of the emitted
radiation depends on γ and αˆ, integration variables (γ, αˆ) are
able to be transformed to (y,ω1). It is performed by
dγdαˆ=
∂(γ, αˆ)
∂(y,ω1)
dydω1 =− 1
4ω1
dy√
y− 1dω1. (57)
For θ > 1/γ, T ′/T is rewritten as
T ′
T
=
1
π sinθ
(
2ω0
ω1
)1/2 √2− y
y1/2
. (58)
Since the Jitter radiation from a single electron is observed only
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when the emission cone of the electron points the line of sight,
the available range of y is limited from 1 to 2. Under these con-
siderations, the integration in Eq.(56) is able to be performed
and the emitted power per unit solid angle and per unit angular
frequency emitted at ω1 is obtained as
dP eJit(ω1)
dΩ
= fw
e2ω2ce1ω0Cp
16π2k2c3 sinθ
(2+ tan2 θ)
(
ω1
2ω0
)− p−1
2
×F (p), (59)
F (p)≡ πF1
(
1
2
,
p+3
2
,1,−1
)
−1
2
F1
(
3
2
,
p+3
2
,2,−1
)
, (60)
where F1 is the first variable of the Appell hypergeometric se-
ries and F (p) is approximated by a linearly decreasing function
from 1.2 to 0.9 as p increases from 0 to 4. By using Eqs.(11)
and (12), Eq.(59) is rewritten as
dP eJit(ω1)
dΩ
= fwb
2
(
2
a
) p+1
2
(
vth
c
) 3−p
2 e2ωce0Cp|cos
p+1
2 θ|
32π2csinθ
×(2+ tan2 θ)
(
ω1
ωce0
)− p−1
2
F (p), (61)
where km for low β plasma was used.
To obtain the observed power, the correction of the Doppler
effect due to the progressive motion of the particle toward the
observer must be made (Rybicki and Lightmann 1979). As il-
lustrated in Figure 2, an interval of the arrival of successive
pulses emitted by a single electron during one period of the
helical motion is given by TA = (2π/ωse0)(1− β0‖ cos θ) ∼
(2π/ωse0)× sin2 θ. Therefore, the received power is obtained
by replacing T to TA in Eq.(51). Then, we have
dP rJit(ω1)
dΩ
=
1
sin2 θ
dP eJit(ω1)
dΩ
. (62)
However, the average received power could be treated as same
as the emitted power under the circumstances which we are
thinking of. A typical frequency of synchrotron emission emit-
ted by an electron with the Lorentz factor of γ is νs ∼ 0.29×
(3/4π)γ2ωce sin θ. Since the average strength of the ordered
magnetic field in our Galaxy is a few µG (Sun etal. 2008),
the typical cyclotron frequency in our Galaxy is ωce0 ∼ 50Hz.
The Galactic synchrotron emission is observed in the frequency
range through 100MHz to 100GHz. Therefore, the Galactic
synchrotron emission is originated from electrons in the en-
ergy range of γ ∼ a few ×104. A period of gyration motion
around the ordered magnetic field for an electron with a typical
Galactic Lorentz factor of 104 is ∼ 103sec. During this period,
the electron travels ∼ 10−5pc along the back ground magnetic
field. Assume that a typical coherent length of the Galactic or-
dered magnetic field is shorter than 0.1pc, The direction of the
background magnetic field changes ∼ 10−5/0.1 = 10−4radian
while the electron travels along the back ground magnetic field
within a gyration period. This is almost the same value as the
extension angle of the emission cone of the relativistic electron,
that is 1/γ ∼ 10−4. It indicates that the emission cone of a
single electron which includes the line of sight at some time
drops off the line of sight after the one gyration period of TA.
In other word, the consecutive emission from a single electron
with a time interval of the gyration period does not contribute
to the observed power. Therefore, the Doppler shift effect does
not significantly affect the received power and the averaged re-
ceived power is able to be treated as same as the emitted power
(Rybicki and Lightmann 1979).
For a randomly oriented back ground magnetic field, the
power described by Eq.(61) is averaged over the angle θ. The
averaged power per unit solid angle per unit frequency per unit
volume is obtained as
djJit(ω)
dΩ
= fwb
2
(
2
a
) p+1
2
(
vth
c
) 3−p
2 e2ωce0Cp
32π2c
(
ω
ωce0
)− p−1
2
×F (p)G(p), (63)
G(p)≡
∫ pi
2
0
(cos
p+1
2 θ+cos
p−3
2 θ)dθ,
where G(2) ∼ 3.5 and G(3.2) ∼ 2.25. For comparison, the
averaged synchrotron power per unit solid angle per unit fre-
quency per unit volume under randomly oriented magnetic field
is shown
djsync
dΩ
=
3
p+1
2 e2ωce0Cp
16π2c
a(p)
(
ω
ωce0
)− p−1
2
, (64)
a(p)≡
√
π
2
Γ
(
p
4
+ 19
12
)
Γ
(
p
4
− 1
12
)
Γ
(
p+5
4
)
(p+1)Γ
(
p+7
4
) ,
where Γ is the gamma function. The relative power of the Jitter
radiation to the synchrotron emission is therefore obtained as
djJit/dΩ
djsync/dΩ
∼ fwb2a−
p+1
2
(
vth
c
) 3−p
2
. (65)
It shows that the Jitter radiation power is less than the syn-
chrotron emission power at the same frequency as far as p < 3
even if fw = 1.
4 Discussion
We have revisited the plasma kinetic instability driven by tem-
perature gradient in a magnetized plasma which was first exam-
ined by Levinson and Eichler 1992 and summarized the char-
acteristics of the instability with some new results. We pro-
posed that the anisotropic velocity distribution function should
be decomposed into two components. One is proportional to the
temperature gradient parallel to the back ground magnetic field.
The other is proportional to the temperature gradient perpendic-
ular to the back ground magnetic field. Since the amplitude of
the anisotropic velocity distribution function is proportional to
the heat conductivity and the heat conductivities perpendicular
to the magnetic field is significantly reduced, the first compo-
nent of the anisotropic velocity distribution function is predom-
inant. The anisotropic velocity distribution function induced by
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the temperature gradient along the back ground magnetic field
drives plasma kinetic instability and the circular polarized mag-
netic plasma waves are excited. We showed that the instability
is almost identical to the Weibel instability in the magnetized
plasma in the weak field limit. However, in the case of the
RL instability, whether wave vectors of modes are parallel to
or antiparallel to the back ground magnetic field, the growth
rate of one mode is suppressed and the growth rate of the other
mode is enhanced due to back ground magnetic field. In the low
β plasma, one mode is stabilized and only one of the modes,
~k ‖ − ~B0 for n = +1 and ~k ‖ ~B0 for n = −1 remains unstable.
Physical reason why the splitting of the modes due to existence
of the back ground magnetic field is caused, is unclear.
The Jitter radiation spectrum formulae when the magnetized
plasma is occupied by the plasma waves driven by the RL insta-
bility, are deduced focusing on the low β plasma at the first time.
The radiation caused by relativistic electrons in the turbulent
magnetic fields generated by the RL instability in a magnetized
plasma has following distinct characteristics. Both synchrotron
emission which is linearly polarized and Jitter radiation which
is slightly circularly polarized but with a very small polarization
degree, are observed. The spectrum shape of the Jitter radiation
is identical to that of the synchrotron emission from the same
region but the frequency range of the Jitter radiation is shifted
toward higher frequency compared to the synchrotron. When
the spectrum index of the relativistic electron number density is
less than 3, the amplitude of the Jitter radiation is less than the
amplitude of the synchrotron radiation from the same region.
These characteristics suggest that the Jitter radiation originated
from the magnetic turbulences generated by the RL instability
in a magnetized plasma could be the possible physical mech-
anism of the microwave Haze emission found by the WMAP
(Finkbeiner 2004, Planck Collaboration 2013). The application
to the microwave Haze emission is examined in the forthcoming
paper.
The magnetic waves excited by the instabilities considered
in this paper may have some link to the origin of the turbulent
magnetic field components in the astronomical plasma. There
are observational evidences which show the existence of the sig-
nificant amount of turbulent magnetic fields. Sun etal. 2008
showed that the Galactic magnetic field model with the regu-
lar field plus the significant amount of the turbulent field with a
Kolmogorov spectrum well fits the available radio emission data
of our Galaxy. Oppermann et al. 2012 compiled a full sky dis-
tribution of the Faraday rotation measures of the extragalactic
radio sources and showed that the power spectrum of the rota-
tion measures is described by ∝ k−2.17. Minter and Spangler
1996 extracted informations of the magnetic field fluctuations
on spatial scale of 0.01 to 100 pc by combined analysis of the
rotation measures of extragalactic sources with the power spec-
trum of the thermal electron density fluctuation (Armstrong,
Rickett and Spangler 1995). They found that the magnetic tur-
bulence is well described by the Kolmogorov spectrum. The
power spectrum of the thermal electron density fluctuations is
well described by the Kolmogorov spectrum from 100pc down
to 108cm (Armstrong, Rickett and Spangler 1995). It has been
puzzling why the interstellar plasma turbulence spectrum is
well described by a single power spectrum from the collisional
scale to the collision less scale. Han, Ferriere and Manchester
2004 examined the spatial energy spectrum of turbulent mag-
netic fields over the scale range 0.5-15kpc by combined analy-
sis of the rotation and dispersion measures of Galactic pulsars.
They found a nearly flat spectrum of the magnetic turbulence in
these scales. The magnetic waves excited by the RL instabili-
ties could be possible physical mechanism to generate turbulent
magnetic fields in the interstellar spaces especially in collision
less scale. However, the expected spectrum of the turbulence
originated from the RL instability is almost monochromatic at
k ∼ ωce0/vth as shown in Sec.2. It requires some physical
mechanism of down ward and up ward cascade of the turbulent
energy if the instability is a source of the turbulence. Although
the excited waves are circular polarized magnetic waves, the
wave lengths are too small to work as in situ accelerator for rel-
ativistic electrons by resonant scattering (Ohno, Takizawa and
Shibata 2002).
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